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1.  Description 

If  Z  is  a  unit  normal  variable  and 
z  =  Y  +  «  £og[(X-0/U+A-X)] 

(6  >  0;  c  <  X  <  c  +  A), 
then  X  has  an  Sg  distribution  [1]. 

Estimation  of  5,  X,  y  and  6  from  the  first  four  moments  of  X  has 
been  described  in  [2]y  which  contains  tables  to  assist  the  calculations.  It 
often  is  the  case  that  the  range  of  variation  of  X  is  known  in  advance.  In 
such  cases,  £  and  A  are  known,  and  it  is  only  necessary  to  esti^te  the 
parameters  y  and  6.  This  may  be  done  using  the  first  two  moments  of  X. 

If  Y  -  (X-O/X,  then 

Z  *  y  +  6  tog  [Y  /  (1-Y)  ] 

and  the  distribution  of  Y  depends  only  on  y  and  6.  Values  of  y  and  5 
are  obtained  by  solving  the  equations 

mean  Y  =  X_1[(mean  x)-c)  ■  w*(y,6) 

and 

&.d,  Y  ■  A  *[4.cf.  X]  ■  o( y,5) 

(4.cf.  =  ’standard  deviation*) . 

Table  2  gives  solutions  of  these  equations  for  y  and  6,  Values  of  y 
(mean  Y)  and  o  (A,d.  Y)  are  at  intervals  of  0.01.  Since 
(mean  Y)2  +  (6,d.  Y)2  =»  (mean  Y2)  <;  mean  Y 
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(because  0  £  Y  £  1),  it  follows  that 
O2  S  u'U-pJ). 

For  each  value  of  uj,  values  of  a  are  given,  in  descending  order, 
from  near  the  upper  limit  of  Ai^(l-yj)  down  to  a  value  not  exceeding  °.05. 
The  lower  limit  varied  with  difficulty  of  computation  (see  Section  3).  For 
very  small  values  of  a,  a  lognormal  distribution  is  likely  to  give  good  ap¬ 
proximation.  Except  for  small  values  of  o  (<0.10,  say)  linear  inter¬ 
polation  for  y  and  6,  with  respect  to  both  yj  and  c,  gives  quite  good 
results,  though  second  differences  for  6  are  desirable  for  a  <  0.20. 

2 .  Example 

As  an  example,  we  will  consider  the  data  used  in  [1]  (Example  1,  Table  4). 
The  first  two  columns  of  Table  1  show  the  observed  distribution  to  be  fitted. 

As  in  [1],  two  curves  were  fitted: 

(1)  Assuming  that  the  groups  corresponded  to  X  values  -0.5  to  0.5, 
0.5  to  1.5,  ...,  2.5  to  10.5. 

(2)  Assuming  that  the  groups  were  0  to  0.5,  0U5  to  1.5,  ...»  9.5 

to  10. 

In  each  case,  the  mean  and  standard  deviation  were  computed  on  the  as¬ 
sumption  that  all  values  were  concentrated  at  the  —,d-point  of  the  group.  The 
calculations  are  summarized  below. 


X  Y 


Grouping 

mean 

■  "  ■'/  V 

A.d. 

r  mean 

A.d. 

A 

Y 

8 

(1) 

6.1125 

4.1358 

0.601 

0.376 

-0.2838 

0.2860 

(2) 

6.0087 

4.1775 

0.601 

0.418 

-0.2658 

0.1770. 

The  fitted  frequencies  are  shown  in  the  third  and  fourth  columns  of 
Table  1.  As  in  [1],  the  choice  (2)  of  group  boundaries  gives  much  the  better 
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fit.  The  values  in  the  last  two  columns  of  Table  1  are  reproduced  from  [1]. 
The  curves  here  were  fitted  by  making  the  frequencies  in  the  first  and 

last  groups  agree  with  the  observed  values.  Fitting  by  moments  gives  worse 
results  in  these  two  groups,  of  course,  but  with  grouping  (2)  gives  better 
results  in  the  middle  of  the  distribution. 


Table  1 . 


Degree  of 
cloudiness 

Observed 

frequencies 

Fitted  by  moments 
SBU)  S  (2) 

Fit? '  i  by 

V1} 

percentile  points 

sb(2> 

0 

320 

292.3 

369.4 

320.0 

320.0 

1 

129 

115.2 

116.3 

100.9 

120.9 

2 

74 

82.7 

67.4 

73.9 

72.0 

3 

68 

73.3 

53.4 

63.8 

57.5 

4 

45 

68.4 

47.9 

59.8 

52.1 

5 

45 

68.5 

47.0 

59.9 

51.6 

6 

55 

72.6 

48.1 

63.4 

54.9 

7 

65 

85.8 

59.5 

72.0 

63.9 

8 

90 

98.4 

77.1 

90.0 

85.5 

9 

148 

150.7 

144.9 

135.4 

160.7 

10 

676 

607.0 

684.1 

676.0 

676.0 

3.  Calculation  of  the  Tables 

The  generation  of  these  tables  for  yj  i  0.50  was  carried  out  in  the 

same  basic  manner  as  that  described  in  [2]  for  finding  6  and  y  as  functions 

cf  and  However,  as  a  result  of  the  curvature  of  curves  6  » 

constant,  for  small  6  in  the  (y,a)  space,  it  was  found  necessary  to  do 

the  calculations  which  involved  small  values  of  6  in  the  (y’.y^)  space 
2 

(y2  «  a  +y|  ).  Also,  the  extreme  curvature  of  curves  for  fixed  6  and  fixed 
y  and  the  small  angle  of  intersection  between  such  lines  in  most  regions  of 
the  (yJ,o)  space  when  6  was  greater  than  2  and  in  some  regions  when  6 
was  as  small  as  0,5  prevented  the  use  of  this  space  for  all  of  the  calculations 
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Anticipating  some  difficulty  with  the  curvature  of  these  spaces,  a  table 
consisting  of  values  of  y|,  y^  and  a  as  functions  of  6  and  y,  for  6 
between  0  and  6  and  y  between  0  and  6  was  generated.  For  each  value 
of  y’  desired,  values  of  o  were  generated  in  decreasing  order  and  the 
corresponding  values  of  y^  calculated.  The  (y^,yp  space  was  then 
searched  for  an  appropriate  'quadrilateral'  and  this  'quadrilateral'  subdi¬ 
vided  as  in  the  previous  set  of  calculations.  When,  because  of  the  extreme 
curvature  of  the  curves  for  fixed  <5  and  fixed  y  in  this  space,  the  en¬ 
larging  technique  described  in  [2]  did  not  work  satisfactorily,  the  program 
would  try  for  the  next  values  of  y^  and  a.  Since  the  calculations  were 
done  for  only  a  few  values  of  y|  at  a  time,  it  was  usually  possible  to  select 
a  value  of  6  for  defining  a  boundary  for  the  useful  part  of  the  (y^y^) 
space  for  the  next  few  values  of  yj^  Beyond  this  boundary,  the  program  would 
use  the  (y|,o)  space  for  the  necessary  calculations. 

Because  of  some  uncertainty  in  the  apple priate  choice  of  the  above  6 
boundary  for  each  y^,  the  results  for  some  of  the  desired  points  were  not 
obtained  in  the  first  series  of  calculations.  These  points  were  ignored  until 
later  when  all  such  points  were  collected  together  and  the  program  altered 
slightly  to  handle  these  points  in  the  appropriate  choice  of  space. 

For  yj  ■  0.50,  values  of  o  were  generated  for  various  values  of  5 
between  0  and  6.  An  interval  containing  the  desired  o  value  was  then  se¬ 
lected  and  repeatedly  subdivided  to  obtain  the  desired  result. 

All  of  the  subdividing  procedure  were  continued  until  the  values  cf  both 
y|  and  o  were  correct  to  within  tolerances  of  0.00001.  The  results  were 
then  rounded  as  in  [2]  to  obtain  the  published  results. 
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Table  2 

uj  ■  0.50 


<Y 

-  0) 

(y 

-  0) 

0 

6 

0 

6 

0.49 

0.0248 

0.26 

0.7143 

0.48 

0.0493 

0.25 

0.7618 

0.47 

0.0736 

0.24 

0.8125 

0.46 

0.0977 

0.23 

0.8669 

0.45 

0.1219 

0.22 

0.9254 

0.44 

0.1462 

0.21 

0.9886 

0.43 

0.1706 

0.20 

1.057 

0.42 

0.1954 

0.19 

1.132 

0.41 

0.2205 

0.18 

1.215 

0.40 

0.2462 

0.17 

1.305 

0.39 

0.2723 

0.16 

1.407 

0.38 

0.2992 

0.15 

1.520 

0.37 

0.3267 

0.14 

1.649 

0.36 

0.3551 

0.13 

1.796 

0.35 

0.3845 

0.12 

1.965 

0.34 

0.4149 

0.11 

2.164 

0.33 

0.4465 

0.10 

2.401 

0.32 

0.4794 

0.09 

2.689 

0.31 

0.5138 

0.08 

3.046 

0.30 

0.5498 

0.07 

3.5^ 

0.29 

0.5877 

0.06 

4.107 

0.28 

0.6275 

0.05 

4.951 

0.27 

0.6696 

6 


°  o, 

.49 

v{  «  0. 

,48 

u*  »  0. 

47 

a 

Y 

* 

a 

Y 

6 

0 

Y 

6 

0.05 

0.2000 

I  948 

0.05 

0.3995 

4.942 

0.05 

0.5986 

4.932 

0.0b 

0.1667 

105 

0.06 

0.3331 

4.100 

O.GC 

0.4990 

4.092 

0.07 

0.1428 

501 

0.07 

0.2854 

3.496 

0.07 

0.4275 

3.489 

0.08 

0.1250 

044 

0.08 

0.2498 

3.041 

0.08 

0.3743 

3.035 

0.09 

0.1111 

2.688 

0.09 

0.2221 

2.684 

0.09 

0.3326 

2.679 

0.10 

0.1000 

2.400 

0.10 

0.1999 

2.397 

0.10 

0.2995 

2.393 

0.11 

0.0909 

2.163 

0.11 

0.1818 

2.161 

0.11 

0.2723 

2.156 

0.12 

0.0834 

1.965 

0.12 

0.1667 

1.962 

0.12 

0.2497 

1.958 

0.13 

0.0770 

1.795 

0.13 

0.1539 

1.793 

0.13 

0.2306 

1.789 

0.14 

0.0716 

1.648 

0.14 

0.1430 

1.646 

0.14 

0.2142 

1.643 

0.15 

0.0668 

1.520 

0.15 

0.1335 

1.518 

0.15 

0.2001 

1.515 

0.1b 

0.0626 

1.406 

0.16 

0.1253 

1.404 

0 . 16 

0.1877 

1.401 

0.17 

0.0591 

1.305 

0.17 

0.1180 

1.303 

0.17 

0.1768 

1.301 

0.18 

0.0558 

1.214 

0.18 

0.1115 

1.212 

0.18 

0.1672 

1.210 

0.19 

0.0529 

1.132 

0.19 

0.1058 

1.130 

0.19 

0.1585 

1.128 

0.20 

0.0503 

1.057 

0.20 

0.1006 

1.055 

0.20 

0.1508 

1.053 

0.21 

0.0480 

0.9882 

0.21 

0.0960 

0.9869 

0.21 

0.1438 

0.9847 

0.22 

0.0459 

0.9249 

0.22 

0.0917 

0.9237 

0.22 

0.1375 

0.9217 

0.23 

0.0440 

0.8665 

0.23 

0.0879 

0.8653 

0.23 

0.1317 

0.8634 

0.24 

0.0422 

0.8121 

0.24 

0.0844 

0.8110 

0.24 

0.1265 

0.8092 

0.25 

0.0406 

0.7615 

0.25 

0.0812 

0.7604 

0.25 

0.1217 

0.7586 

0.2b 

0.0392 

0.7140 

0.26 

0.0783 

0.7150 

0.26 

0.1173 

0.7112 

0.27 

0.0378 

0.6695 

0.27 

0.0756 

0.6684 

0.27 

0.1133 

0.6667 

0.28 

0.0366 

0.6272 

0.28 

0.0731 

0.6263 

0.28 

0.1096 

0.6247 

0.29 

0.0354 

0.5874 

0.29 

0.0708 

0.5865 

0.29 

0.1062 

0.5850 

0.30 

0.0343 

0.5495 

0.30 

0.0687 

0.5487 

0.30 

0.1030 

0.5472 

0.31 

0.0334 

0.5135 

0.31 

0.0667 

0.5127 

0.31 

0.1001 

0.5113 

0.32 

0.0325 

0.4791 

0.32 

0.0650 

0.4783 

0.32 

0.0974 

0.4769 

0.33 

0.0317 

0.4462 

0.33 

0.0635 

0.4454 

0.33 

0.0949 

0.4441 

0.34 

0.0309 

0.414b 

0.34 

0.0617 

0.4138 

0.34 

0.0926 

0.4126 

0.35 

0.0302 

0.3842 

0.35 

0.0603 

0.3835 

0.35 

0.0904 

0.3822 

0.3b 

0.0295 

0.3549 

0.36 

0.0590 

0.3541 

0.36 

0.0884 

0.3529 

0.37 

0.0289 

0.3265 

0.37 

0.0578 

0.3257 

0.37 

0.0866 

0.3245 

0.38 

0.0283 

0.2989 

0.38 

0.0567 

0.2982 

0.38 

0.0849 

0,2970 

0.39 

0.0278 

0.2721 

0.39 

0.0556 

0.2714 

0.39 

0.0834 

0.2702 

0.40 

0.0274 

0.2459 

0.40 

0.0547 

0.2452 

0.40 

0 .0820 

0.2441 

0.41 

0.0269 

0.2203 

0.41 

0.0539 

0.2196 

0.41 

0.08G8 

0.2185 

0.42 

0.0266 

0.1952 

0.42 

0.0531 

0.1945 

0.42 

0.0796 

0.1933 

0.43 

0.0262 

0.1704 

0.43 

0.0524 

0.1697 

0.43 

0.0786 

0.1686 

0.44 

0.0259 

0.1459 

0.44 

0.0519 

0.1453 

0.44 

0.0778 

0.1441 

0.45 

0.0257 

0.1217 

0.45 

0.0513 

0.1210 

0.45 

0.0770 

0.1198 

0.4b 

0.0255 

0.0975 

0.46 

0.0509 

0.0968 

0.46 

0.0764 

0.0957 

0.47 

0.0253 

0.0734 

0.47 

0.0506 

0.0726 

0.47 

0.0759 

0.0715 

0.48 

0.0252 

0.0491 

0.48 

0.0503 

0.0484 

0.48 

0.0755 

0.0472 

0.49 

0.0251 

0.0246 

0.49 

0.0502 

0.0239 

0.49 

0.0753 

0.0226 
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u[  -  0.< 

46 

u’  -  0. 

45 

o  0  44 

0 

Y 

6 

0 

Y 

6 

0 

Y 

5 

0.05 

0 . 7907 

4  .  ‘j  1 J 

0.05 

0.9937 

4.901 

0.05 

1.189 

4.879 

0.06 

0 . 0039 

4.081 

C  .06 

0.8280 

4.066 

0.06 

0.9908 

4.048 

0.07 

0.5093 

3.479 

0.07 

0.70J8 

3.467 

0.07 

0.8493 

3.451 

0.08 

0.4982 

3.026 

0.08 

0.6212 

3.015 

0.08 

0.7434 

3.002 

0.09 

0.4429 

2.671 

0.09 

0.5523 

2. 662 

0.09 

0.6610 

2.650 

0.10 

0.3980 

2.380 

0.10 

0.4973 

2.377 

0.10 

0.5951 

2.366 

0.11 

0.3625 

2.150 

0.11 

0.4521 

2.143 

0.11 

0.5412 

2.133 

0.12 

0.3324 

1.953 

0.12 

0.4147 

1.945 

0.12 

0.4963 

1.937 

0.13 

0.3070 

1.784 

0.13 

0.3829 

1.777 

0.13 

0.4583 

1.769 

0.14 

0.2852 

1.638 

0.14 

0.3558 

1.632 

0.14 

0.4259 

1.625 

0.15 

0.2003 

1.510 

0.15 

0.3323 

1.505 

0.15 

0.3978 

1.498 

0.10 

0.2499 

1.397 

0 . 10 

0.3118 

1.392 

0 . 16 

0.3733 

1.386 

0.17 

0.2354 

1.297 

0.17 

0.2937 

1.292 

0.17 

0.351C 

1.286 

0.18 

0.2225 

1.200 

0.1G 

0.2776 

1.202 

0.18 

0.3325 

1.196 

0.19 

0.2110 

1.125 

0.19 

0.2C33 

1.120 

0.19 

0.3153 

1.115 

0.20 

0.2008 

1.050 

0.20 

0.2505 

1.046 

0.20 

0.3000 

1.041 

0.21 

0.1915 

0.9817 

0.21 

0.2390 

0.9779 

0.21 

0.2862 

0.9732 

0.22 

0.1831 

0.9189 

0.22 

0.2235 

0.9152 

0.22 

0.2737 

0.9108 

0.23 

0.1755 

0.8607 

0.23 

0.21J0 

0.8572 

0.23 

0.2623 

0.8530 

0.24 

0.1685 

0 . 8066 

0.24 

0.2103 

0.8033 

0.24 

0.2519 

0.7993 

0.25 

0 . 1621 

0.7562 

0.25 

0.2024 

0.7530 

0.25 

0.2424 

0.7491 

0.2  b 

0.1563 

0.7089 

0.26 

0.1951 

0.7059 

0.26 

0.2337 

0.7021 

0.27 

0.1509 

0.6645 

0.27 

0.1884 

0.6615 

0.27 

0.2257 

0.6580 

0.28 

0.1459 

0.622G 

0.28 

0.1822 

0.6197 

0.28 

0.2183 

0.6163 

0.29 

0.1414 

0.5829 

0.29 

0.1705 

0.5802 

0.29 

0.2116 

0.5769 

0.30 

0.1372 

0.5452 

0.30 

0.1713 

0.5426 

0.30 

0.2053 

0.5394 

0.31 

0.1333 

0.5093 

0.31 

0.1604 

0.5068 

0.31 

0.1995 

0.5037 

0.32 

0.1297 

0.4750 

0.32 

0 . 1020 

0.4726 

0.32 

0.1942 

0.4696 

0.33 

0 . 1264 

0.4422 

0.33 

0.1578 

0.4399 

0.33 

0.1892 

0.4370 

0.34 

0.1233 

0.4107 

0.34 

0.1540 

0.4084 

0.34 

0.1846 

0.4056 

0.35 

0.1205 

0.3804 

0.35 

0.1505 

0.3782 

0.35 

0.1804 

0.3/54 

0.30 

0.1178 

0.3512 

0.36 

0.1472 

0.3489 

0.36 

0.1765 

0.3462 

0.37 

0.1154 

0.3228 

0.37 

0.1442 

0.3207 

0.37 

0.1729 

0.3180 

0.38 

0.1132 

0.2953 

0.38 

0.1414 

0.2932 

0.33 

0.1696 

0.2906 
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